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Abstract This paper summarises the results of our
research on macroscopic entanglement in spin systems
and free Bosonic gases. We explain how entanglement
can be observed using entanglement witnesses which are
themselves constructed within the framework of thermo-
dynamics and thus macroscopic observables. These ther-
modynamical entanglement witnesses result in bounds on
macroscopic parameters of the system, such as the tem-
perature, the energy or the susceptibility, below which
entanglement must be present. The derived bounds in-
dicate a relationship between the occurrence of entangle-
ment and the establishment of order, possibly resulting
in phase transition phenomena. We give a short overview
over the concepts developed in condensed matter physics
to capture the characteristics of phase transitions in par-
ticular in terms of order and correlation functions. Fi-
nally we want to ask and speculate whether entanglement
could be a generalised order concept by itself, relevant in
(quantum induced) phase transitions such as BEC, and
that taking this view may help us to understand the un-
derlying process of high-T superconductivity.
I. INTRODUCTION
Entanglement is a purely quantum mechanical feature
which has been studied extensively in the last 20 years.
For a long time people would regard the property of being
entangled as timid, hidden and easily destroyed. How-
ever, in recent research we have learned that entangle-
ment naturally exists on a macroscopic scale in quantum
many-body systems, e.g. spin chains, gases, crystals, and
it will be exhibited even in the thermodynamical limit
and even at finite temperatures. This comes as a sur-
prise since thermodynamical systems , being so big, seem
quite classical, whereas the very nature of entanglement
is quantum. Here we want to show that the quantum
properties, in particular entanglement, are related to the
known thermodynamical properties in macroscopic sys-
tems.
∗email: janet@qipc.org
In many-body systems, the exact microscopic configu-
ration of all particles contains in fact much more infor-
mation (6 × 1023) than we usually need to understand
the system, its capabilities and its response to external
changes. Thermodynamics is the theory which tells us
how to describe such systems by assigning macroscopic
properties alone, for instance, it defines state variables,
potentials and response functions. Using the language
of thermodynamics, we want to know, under what con-
ditions, e.g. temperature T , magnetic field B, particle
density ρ, ..., is entanglement present? And how can we
detect and extract (see References [1, 2]) such macro-
scopic entanglement? And from a practical viewpoint:
Can we use macroscopic entanglement for the construc-
tion of a quantum computer? And finally, does macro-
scopic entanglement reveal something new about the oc-
currence of phase transitions in quantum systems and
could it possibly be one ingredient of a new theory of
high-Tc superconductors?
Addressing entanglement as a thermodynamical prop-
erty has become a successful exercise. It was first men-
tioned in [3] and many publications discussing various as-
pects of entanglement in macroscopic systems followed,
for instance [4]. In the present paper we summarise the
results of our investigations in the field of macroscopic
entanglement. The outline of the paper is as follows. In
Section II, we review the key ingredients of our work -
thermal states and entanglement witnesses.
In Section III we discuss three examples where ther-
modynamical state variables can serve as macroscopic
entanglement witnesses. Firstly, the Heisenberg model,
discussed in references [5, 6], for which a combination of
thermodynamical quantities is identified as an entangle-
ment witness leading to a critical parameter range for
the temperature T and the external magnetic field B.
Secondly, we review the results of [7] about the entangle-
ment properties of the compound [Cu(NO3)2 2.5 D2O],
which can be approximated by the Heisenberg model for
an alternating spin chain. In this example the magnetic
susceptibility is identified as an entanglement witness and
using measurement results from 1963 [8], it can be con-
cluded that indeed the compound powder will become
macroscopically entangled when cooled below approxi-
mately 5K. The last example is a free, non-interacting
2Bosonic gas discussed in [9]. Reviewing this work, we will
embark on a short discussion of what spatial entangle-
ment in such a second quantised and continuous system
can refer to, and find that the energy can serve as an
entanglement witness for spatial entanglement between
regions in space. We will also see, that the transition
temperature for the occurrence of such entanglement is
almost identical to the BEC critical temperature in 3D.
Keeping this observation in mind, we proceed to Sec-
tion IV, where we give an overview of various phase
transitions (PTs) and how they are characterised in con-
densed matter physics. In particular, we discuss criti-
cality indicators such as the order-parameter appearing
when symmetry-breaking occurs and concepts of order
such as long-range order (LRO), off-diagonal-long-range
order (ODLRO), quasi-order.
In Section V we speculate that macroscopic entangle-
ment may be a more general, all-round order parameter
indicating the transition of a disordered phase towards an
ordered phase; an entanglement-ordered phase. We give
an outlook on why this may prove useful in the search for
a new theory of high-Tc superconductivity. In Section VI
we give possible future directions and summarise the key
points of this paper.
II. THERMAL STATES AND ENTANGLEMENT
WITNESSES
The statistical treatment of macroscopic systems in
thermal equilibrium is summarised by the notion of the
partition function in classical physics and similarly in
quantum physics by the thermal state ρT , which carries
all the macroscopic information of the system, regardless
of microscopic configurations. The thermal state is deter-
mined by the Hamilton operator Hˆ and the temperature
T , as the operator-valued quantity
ρT =
1
Z
e−Hˆ/kBT , (1)
where Z = tr[e−Hˆ/kBT ] is the quantum version of the
partition function. This partition function defines the
probability distribution for the occurrence of the ground
state |e0〉 and the excited states |ej〉, j = 1, 2, ..., and
allows us in principle to deduce any ensemble average we
are interested in.
Generally speaking, we want to find out whether a sys-
tem in a thermal state is entangled for a given temper-
ature and a specified partition, e.g. one half of a spin
chain with respect to the other half. (When no par-
titioning is explicitly specified, the term “entangled” is
identical to “not fully separable” between the constituent
subsystems.) The thermal state expanded in the energy
eigenbasis is a mixture,
ρT =
1
Z
(
e−E0/kBT |e0〉〈e0|+ e
−E1/kBT |e1〉〈e1|+ ...
)
,
of the ground state |e0〉, which is often entangled, with
(possibly entangled) excited states |ej〉, j > 0, having
ρsep
ρent
〈W 〉 = d
FIG. 1: The figure shows the set of separable states ρsep
(shaded) and the set of entangled states ρent. When an ob-
servable W of the system is measured (many times), and an
expectation value d is obtained, the set of possible states cor-
responding to that value is a hyperplane inside the set of
states, here represented by the dashed line. If the hyperplane
contains purely entangled states we have “witnessed” entan-
glement, without knowing what exactly the state is. The
expectation value d is also a related to the amount of en-
tanglement, since many measures of entanglement (e.g. the
relative entropy of entanglement) can be phrased in terms of
the distance to the set of separable states.
energies Ej > E0. To begin with, it is exactly this mixing
of all states, that makes it tough to calculate the elements
of the density matrix explicitly. And even if we could do
that, there are no good entanglement criteria for complex
systems at hand, enabling us to decide whether the actual
density matrix is in fact entangled.
A different approach is to measure an observable which
distinguishes two sets of states - a set containing purely
entangled states and a set containing separable and possi-
bly entangled states. Such observables are called entan-
glement witnesses (EWs), [10], because their measure-
ment outcomes might witness the presence of entangle-
ment, see Figure 1. Using the smart concept of entan-
glement witnesses our previous quest to decide whether a
thermal state is entangled simplifies to the question: Can
entanglement be witnessed by taking ensemble averages?
The answer is: Yes, you can!, and we will discuss three
particular systems to support our claim. For a discussion
of this question for general thermal states please refer to
[11], for instance.
III. THERMODYNAMICAL VARIABLES AS
ENTANGLEMENT WITNESSES
A. Heisenberg model
One of the first papers discussing entanglement occur-
ring naturally in thermal systems is the paper by Arne-
sen et al. [5]. As an example they take a simple dimer,
made of two spin- 12 particles coupled via the Heisenberg
Hamiltonian Hˆ = −J~σ1 · ~σ2, with J > 0 for the anti-
ferromagnetic case. They diagonalise the Hamiltonian
and calculate an exact expression for the concurrence
3FIG. 2: For a given coupling strength J , the thermal state of
a Heisenberg spin chain is defined by the temperature T and
the external magnetic field B. When the values of T and B
lie within the shaded area, i.e.
∣∣U+BM
NJ
∣∣ > 1 , the state must
be entangled. This figure is taken from [6].
(an entanglement measure). With this expression, the
authors find, that for zero magnetic field, when the sin-
glet is ground state, the entanglement is maximal while
for increasing T , the entanglement decreases due to the
add-mixing of the excited states. But there is also the
case when the temperature remains at absolute zero, and
an additional external magnetic field B is turned on. In
this case the entanglement also decreases and there ex-
ists a critical value Bc = 4J at which the entanglement
vanishes completely since |00〉 becomes the ground state.
This is a simple example of a quantum phase transition
[12] where the system changes abruptly its ground state.
The authors extended their discussion also to spin chains
of N spins (which they solve numerically) and find qual-
itatively similar behaviour of the entanglement with re-
gard to the parameters T and B.
The Heisenberg spin chain was revised again by
Brukner et al. [6] in 2004. Instead of a numerical in-
vestigation the authors here use the concept of entangle-
ment witnesses and identify the total energy, U+BM , as
an appropriate operator distinguishing between separa-
ble and entangled states. For the Heisenberg XX or XXX
model with nearest neighbour coupling J and Hamilto-
nian Hˆ = −J
∑
j ~σj ·~σj+1, the expectation value 〈~σi ·~σk〉
in a fully separable configuration must factorise, and us-
ing a Cauchy-Schwartz inequality, the bound on the total
energy is
|U +BM | ≤ N |J |, (2)
where U is the internal energy, B the external magnetic
field, M the magnetisation of the chain and N the num-
ber of spins. If the expectation values U and M of a
particular state together with the external field B are
such, that this inequality is violated, the state must be
entangled.
Unfortunately it is not easy to measure the internal en-
ergy directly. One can get U indirectly by measuring the
heat capacity for some temperature range and integrat-
ing over T ; Or one can use thermodynamical relations
which connect the internal energy and magnetisation to
the state variables T and B. These analytical formulae
have been derived by Katsura [13] in 1962, and Brukner
et al. use them to determine lower bounds on the critical
values of the temperature and the magnetic field, below
which entanglement must certainly occur. Figure 2 is a
reprint (taken from [6]) showing the region in which en-
tanglement is detected by the witness Eq. (2). So indeed,
it is possible to detect entanglement using solely thermo-
dynamical properties of the system. It is obvious now,
that changing the state variables T and B will result in
a change of the entanglement of the state of the system
and we could possibly turn it on or off, or tune it to our
convenience.
B. Alternating spin chain
The dimer and the Heisenberg chain model can be used
to describe some materials relevant in condensed mat-
ter physics in good approximation. In [7] Brukner et al.
discuss the macroscopic entanglement present in a par-
ticular copper nitrate, [Cu(NO3)2 2.5 D2O]. The effec-
tive coupling between the central copper atoms can be
approximated by, firstly, a stronger coupling inside the
compounds with coupling strength J1 ≈ 0.44meV which
creates the dimers. Secondly, these dimers are arranged
in a one-dimensional chain with nearest neighbour cou-
pling, J2 ≈ 0.11meV, which is much weaker than the
intra-dimer coupling, see Figure 3.
The Hamiltonian governing such an alternating
Heisenberg chain of molecules is just
Hˆ = −
∑
j
(J1~σ2j · ~σ2j+1 + J2~σ2j+1 · ~σ2j+2) , (3)
FIG. 3: The picture shows the structure of the [Cu(NO3)2
2.5 D2O] molecules. The central copper atoms are displayed
in red colour and the alternating binding forces between the
copper atoms are drawn with straight lines. The stronger cou-
pling J1 (solid line) occurs inside the molecule and effectively
creates a dimer. The coupling which binds the established
dimers to each other is much weaker, J2 << J1, and shown
with dashed lines.
4FIG. 4: The original figure showing measurement results
(dots) of the magnetic susceptibility and the theoretical curve
for χ(T ) (solid line) is taken from [8]. The additional transi-
tion curve χtrans(T ) (dashed line) and the indication of the
entangled region was added by the authors of [7]. The pre-
dicted χ(T )-curve and the entanglement witness χtrans(T )
cut at T = 5K. Measurement points below this temperature
have all a lower susceptibility than any separable configura-
tion could have. They must have been entangled in 1963!
generating the thermal states ρT =
1
Z e
−Hˆ/kBT . The
ground state, ρT=0, is an highly entangled state and due
to the alternating sequence of coupling constants the sys-
tem has an energy gap of the order ∆ ≈ J1 between the
ground and the first excited state. That means that as
long as the temperature is low enough no excited state
can be reached and the chain remains entangled. This
simple argument gives an estimate for the transition tem-
perature, Ttrans ≈ J1/kB ≈ 5K, above which the entan-
glement of the ground state may be killed by the admix-
ing of excited states.
In the paper [7] the researchers identified the magnetic
susceptibility as an entanglement witness and found the
threshold value
χtrans =
1
6
g2µ2BN
kBT
(4)
at the point where separability turns into entanglement.
Here g is the Lande´-factor, µB Bohr’s magneton and N
the number of compounds. Below this transition suscep-
tibility χtrans the observed system must necessarily be
entangled. This threshold was then compared to experi-
mental measurement results of the magnetic susceptibil-
ity of [Cu(NO3)2 2.5 D2O] which were published in [8]
in 1963. Astonishingly, there are a lot of measurement
points in the region where entanglement must necessar-
ily occur, see Figure 4. This confirms nicely the claim
that entanglement can exist at reasonably high tempera-
tures and is macroscopically verifiable. Additionally the
theoretical value of χ crosses the threshold value χtrans
at roughly 5K in great agreement with the heuristic ar-
gument above. So, the signatures of entanglement have
been there all along - without people knowing it at that
time!
C. Free Bose gas
Let us now focus on spatial entanglement in free
fields of indistinguishable particles, in particular for the
Bosonic case. In contrast to the discrete spin models dis-
cussed so far, for second quantised fields even the term
“spatially separable” is unclear and one has to estab-
lish a notion of what spatial entanglement can possibly
mean. Second quantisation requires that one has to ab-
stract from the particle picture and instead talk about
the excitation of modes - in this case, spatial modes, see
for instance the discussion in [1, 14]. An easy way out
is to simply find a reasonable description of what a spa-
tially separable state shall be, without bothering about
the mathematical description of spatial modes in terms
of field operators and complications that may arise on
the way. Such a definition is already sufficient to es-
tablish entanglement witnesses whose expectation values
are bounded for these separable states. This has been ob-
served by Anders et al. in [9] and we summarise their re-
sults in the following. Nevertheless, in [1] a first attempt
has been made to define spatial modes constructively, in
particular creation and annihilation operators which al-
low to talk about the entanglement in space instead of
the usual momentum.
The argument in [9] goes as follows. A free Bosonic
gas squeezed in a box of length L is described by the
second quantised Hamiltonian H =
∑
k Eka
†
kak with en-
ergies Ek =
~
2
2m
(
kpi
L
)2
for k = 1, 2, ... in one dimension.
The lowest possible energy which can be achieved by the
system is the condensation energy Econd = N
~
2
2m
(
pi
L
)2
,
for the case that all N Bosons accumulate in the ground
state. This is due to the Heisenberg uncertainty rela-
tion which requires a finite momentum for a finite spa-
tial uncertainty. To achieve a separable configuration in
space, for example with respect to the two spatial re-
gions A = [0, L/2] and B = (L/2, L], the field has to be
squeezed to fit inside the new regions, see Figure 5 for an
illustration. The energy required for such a spatially sep-
arable configuration is then at least EA|B = N
~
2pi2
2m
(
2
L
)2
,
or higher. Thus again we find, that the energy is a
macroscopic entanglement witness: It allows us to put
a lower bound on the energy of separable configurations,
or equivalently, those states which are detected having a
lower energy must be entangled.
The result was generalised to configurations of the field
that are fully separable with respect toM spatial regions
in d dimensions. By virtue of the thermodynamical rela-
tion between the energy and the temperature of the gas,
U = tr[ρT H ] ∝ T
(d+2)/2, the authors derive a transition
temperature in [9] where separability turns into entan-
glement,
Ttrans =
2π~2
kBmV 2/d
(
πNM2/d
2ζ(1 + d/2)
)2/(2+d)
, (5)
with ζ being Riemann’s zeta-function and V the volume
of the confining box. If the number of regions, M , be-
5FIG. 5: a) The spatial distribution function for one Boson,
φS0 (x), which minimises the energy can spread over the whole
box and has an associated energy of ES0 =
~
2
2m
(
pi
L
)2
. b) A
separable configuration with respect to the two regions A and
B restricts the field to live in these regions separately. The
respective energy-minimising distributions in A and B are
φA0 (x) and φ
B
0 (x) and require higher energies E
A
0 = E
B
0 =
4ES0 . This requirement makes separable configurations richer
in energy and hotter in temperature.
comes equal to the number of particles N , than a sit-
uation is reached were each spatial region will on aver-
age be occupied by just one Boson. That implies that
Bose-Einstein condensation (BEC) can only happen be-
low Ttrans(M = N) which results in an upper estimate
for the critical temperature of BEC, with ρ = N/V for
the particle density, it is
Tcrit =
2π~2 ρ2/d
kBm
(
π
2ζ(1 + d/2)
)2/(2+d)
, (6)
which looks very similar to the exact critical BEC tem-
perature TBEC [15]. Indeed in 3D, Tcrit is only slightly
higher than TBEC . This is in good agreement with the
fact that a BEC is entangled or spatially correlated.
However, even though the formulae look similar, there
is a subtle difference. In 1D and 2D BEC can in fact not
occur, since the zeta-function ζ(d/2) in the denominator
diverges for d ≤ 2 so that the critical BEC temperature
drops to zero. Entanglement should, however, exist in
any dimension, and that is indeed obeyed since ζ(1+d/2)
is finite for any d > 0.
Let us have another look at this issue. What is the
physical reason for why there is no BEC in 1D and 2D?
BEC is the condensation of a finite fraction of the gas
into the ground state (or any other state). However, the
density of states changes dramatically with the dimen-
sion, and we find that the fraction
N
N0
∝
∫
0
ddp
ep2/2mkBT − 1
, (7)
diverges for p→ 0 as 1/p in 1D and logarithmically in 2D.
This divergence makes it impossible for BEC to occur;
but not only that, such divergences are quite generally
the mathematical reason why there is no conventional
(long-range order) phase transition in low-dimensional
systems.
IV. PHASE TRANSITIONS & ORDER
Criticality is a concept of central importance in solid
state physics. Macroscopic objects, in the form of solids,
liquids and gases, undergo a diverse range of phase tran-
sitions under variation of the temperature, or external
field, or pressure for instance. Phenomena such as spon-
taneous magnetisation, or Bose-Einstein condensation of
diluted atomic gases, are two notable examples of phase
transitions in solids and gases respectively. According
to Penrose and Onsager [16] they are manifested by the
appearance of long-range order (LRO), namely by the
fact that distant constitutes of the system become, at
the point of criticality, strongly correlated.
When the two dimensional Ising model undergoes a
phase transition at its critical temperature, this means
that above this temperature, the spins were pretty much
in a randomised, disordered state, where all directions
are equally likely, but below that temperature all the
spins align and point in some (randomly chosen) direc-
tion. This transition from a disordered to an ordered
state is signified by spontaneous symmetry breaking of
the rotational invariance of the state of the Ising lattice.
An additional parameter has to be introduced to specify
which particular “order” was chosen by the system. The
order parameter in this case is the total magnetisation,
which is finite below the point of criticality and becomes
suddenly zero at and above this point. Symmetry break-
ing is, therefore, another indicator of phase transitions.
Unfortunately, however, neither the appearance of long
rang order, nor the phenomenon of symmetry break-
ing, are synonymous with phase transitions. There are
instances where we do not have the establishment of
long-range order, but a phase transition does take place,
for instance the Berezinskii-Kosterlitz-Thouless transi-
tion (BKT) [17]. Therefore, while sufficient witnesses of
phase transitions, the presence of long-range order and
symmetry breaking are neither really necessary. Over
the years, people have come up with ever new concepts
of correlations and order to explain the occurrence of
more exotic phase transitions. In the following we give a
short overview of the zoo of the types of order serving as
criticality indicators, see also Figure 6.
Long-range order (LRO) The traditional way to
characterise a phase as ordered is by requiring the es-
tablishment of long-range order [16] when the systems is
6brought into a critical parameter regime, i.e. by cooling
below the critical temperature. Long-range order means,
that the two-point correlation function for some relevant
operator, aˆ, for two points in space does not vanish in
the thermodynamical limit, even when the points are ar-
bitrarily far apart,
ρ1(x, y) := 〈aˆ
†(x)aˆ(y)〉 −→
|x−y|→∞
const. (8)
The relevant operator aˆ has to be identified for the phase
transition under discussion. For instance, in the Ising
model aˆ(x) is the spin-operator σ of the spin sitting at
position x and in a crystal it is the particle density at
position x in space. For fields, aˆ(x) may become a field
operator annihilating a particle at x. When LRO occurs,
any two points x and y in space become increasingly cor-
related and behave in a more and more coherent fashion,
like for example spins slowly aligning themselves. Also
BEC is considered a long-range order transition, where
the phase of the condensate wavefunction gets locked and
all Bosons in the condensate behave as one single wave.
Off-Diagonal long-range order (ODLRO) Al-
ready in 1962 Yang [18] introduced a slightly weaker cri-
terion of order for fields, for instance Fermionic fields,
to accommodate the superconducting phase. Instead of
looking at only two-point correlation functions for two
modes i and j, tr[aˆjρaˆ
†
i ] =: 〈j|ρ1|i〉 = ρ1(i, j), Yang
proposed to use the whole range of generalised correla-
tors, e.g. tr[aˆkaˆlρaˆ
†
i aˆ
†
j] =: 〈kl|ρ2|ij〉 and so on, where
the aˆj(aˆ
†
j) are the annihilation (creation) operators for
some single particle states |j〉. This implies that the
original N -particle state ρ is reduced to 1, 2, ..., n-particle
states ρ1, ρ2, ..., ρn. Yang says “The smallest n for which
ODLRO occurs, gives the collection of n particles that,
in some sense, forms a basic group exhibiting the long-
range correlation.” BEC is the simplest form of ODLRO,
showing LRO already for ρ1.
To make this conclusion clear, let us suppose ρ =
|ψ〉〈ψ| was a pure state. Then aˆj |ψ〉 is the state where
one Boson has been removed at position j. If the Bosons
form a condensate and are thus coherent, the state where
instead a Boson has been removed at position i should
not differ by much from when it is removed at j. Thus
the overlap of these two cases, 〈ψ|aˆ†i aˆj |ψ〉 = tr[aˆ
†
i aˆjρ] =
ρ1(i, j), becomes a constant and we do indeed find simple
LRO according to Eq. 8.
However, a superconductor does not have simple LRO.
In fact we have to consider pairs of electrons, the Cooper
pairs, forming artificial Bosons. These Bosons can con-
dense which shows up as LRO in the four-point-correlator
ρ2. Since the condensed phase is made out of electrons
and highly correlated throughout the medium, this phase
can conduct current without any resistivity. This is the
superconducting phase of the BCS theory [19] from 1957.
Quasi order But also the concept of ODLRO was
not enough to capture all known phase transitions. Ac-
cording to the famous Mermin-Wagner-Hohenberg The-
orem [20, 21] no (OD)LRO can exist in one- and two-
FIG. 6: Overview of the different concepts of order: Long-
range order (LRO) requires the coherence of all particles
throughout the system whereas off-diagonal long-range or-
der (ODLRO) assumes basic groups of particles which rep-
resent the relevant units in the ordered phase. Both long-
range orders are a result of a system undergoing spontaneous
symmetry-breaking of a continuous symmetry and establish-
ment of a non-zero order parameter. In two dimensions the
BKT theory predicts the binding and unbinding of vortices
which creates local, short-range or quasi-order. The 2D phase
transitions associated with the establishment of this kind of
order do not break a symmetry and have no order parame-
ter. A quantum phase transition [12] occurs when a system at
T = 0 abruptly changes its ground state under the variation
of an external parameter. Similar to the overlap between two
states of the field where a particle has been removed at two
different positions, QPT can also be characterised in terms of
the overlap function between two ground states [22]. To see
entanglement as an order concept by itself is a novel approach
to characterise phase transitions in quantum systems which
would unite all previous concepts under one roof.
dimensional systems. However, two-dimensional phase
transitions were observed such as superfluidity and su-
perconduction. An even more creative order concept,
the quasi order or sometimes topological order, was intro-
duced by Berezinskii and later by Kosterlitz and Thou-
less [17]. According to the BKT-theory, the transition
to a quasi-ordered phase is driven by the pairing of
vortices of opposite circulation, thereby creating short-
ranged correlations without having the power to ever ob-
tain (OD)LRO at a finite temperature. The achieved
quasi- or short-range order decays polynomially fast for
large separations. In terms of the two-point correlation
functions this can be expressed as
〈aˆ†(x)aˆ(y)〉 −→
|x−y|→∞
|x− y|−|η|, (9)
where |η| is a positive number.
7V. ENTANGLEMENT & ORDER
In summary, phase transitions are intimately related
to the idea of correlations and order between parts of the
system. Trying to grasp what exactly this order is, that
defines a new, macroscopically distinguishable phase,
condensed matter physics has come up with a whole
array of order concepts, tailored to fit the particular
phase transition under discussion. However, macroscopic
entanglement is a property of condensed matter systems
which naturally grasps and quantifies correlations. So,
entanglement could be a good order concept itself,
and its investigation may allow us to understand the
underlying coupling mechanisms relevant for the abrupt
change of the behaviour of a system at the critical point.
Entanglement Entanglement exists in all quantum
systems, e.g. spin chains, free gases, lattices, ... and
it seems that in all these systems entanglement can be
seen as a macroscopic or thermodynamical property. The
essence of entanglement is that its existence implies cor-
relations between parts of the system and entanglement
has a huge capacity of capturing and quantifying any
kind of correlations. Firstly, there is a choice of the de-
gree of freedom which can be entangled, e.g. the spins in
a magnetic chain, or the two possible states of a two-level
atom, or the spatial modes of a field. Secondly, there are
many different ways to arrange a grouping into parties.
For example one can look at a bipartite split, e.g. two
single spins in a chain or two blocks of spins, or at a mul-
tipartite split separating more than two parties. These
various groupings are in fact identical to Yang’s basic
groups which we encountered when discussing ODLRO.
Unfortunately, multipartite entanglement is not well
characterised and understood yet. However, it may be
stimulating to use ideas from the area of condensed mat-
ter physics to find a characterisation, for example, Wen
proposes [23] to find a classification scheme for entangle-
ment in analogy to the crystal classes of solids.
Of course, entanglement exists in all dimensions and
in particular in low-dimensional systems thereby avoid-
ing the problem of phase transitions in 2D. Entanglement
thus appears to be a broad enough concept to grasp all
the discussed ideas of order and correlation between dis-
tant parts of a quantum system at once. The amount
of entanglement may also be interpreted as an order pa-
rameter, becoming non-zero in the entanglement-ordered
phase while zero in the separable, uncorrelated phase.
Similar to the notion of an ordered phase establishing
abruptly at a critical temperature there is a transition
from separability to entanglement at a certain transi-
tion temperature. We have seen that in 3D the crit-
ical temperature for BEC and the transition tempera-
ture for spatial entanglement are almost identical. Also,
Cooper pairs are entangled electron-pairs and therefore
entanglement becomes an obvious ingredient for the oc-
currence of superconductivity, see also the discussion in
[24, 25]. Finally entanglement is an undisputed indicator
of quantum phase transitions (QPT), that is transitions
of the ground state at zero temperature, see for instance
[12, 22].
All these properties indicate that entanglement may
be an indicator for the occurrence of (some) phase
transitions in quantum systems [26]. This is nice
because entanglement is a fundamental property of
quantum systems, and in particular a requirement
for the occurrence of BEC and Cooper-pairing which
indicates that we should maybe even see it as the cause
for such phase transitions. At the same time entangle-
ment may also give us a natural explanation for phase
transitions occurring in low-dimensional systems such
as the short-range order Berezinskii-Kosterlitz-Thouless
(BKT) transition in 2D.
Outlook So far so good, but why is all this exciting?
The BCS theory of superconductivity has proven valu-
able for the interpretation of the conventional supercon-
duction phase transition, but it cannot explain the high
critical temperatures (higher than 30K and up to 150K)
of the unconventional or high-Tc superconductors [27].
High-Tc superconductivity is a phase transition which
happens in two dimensions - the dimension where no
(OD)LRO can occur according to the Mermin-Wagner-
Hohenberg theorem.
Nevertheless, experiments show that there is a phase
transition and values of the critical temperatures of vari-
ous materials have been investigated and published, e.g.
FIG. 7: Homes’ law for the dependence of the critical tem-
perature Tc (horizontal axis) for seven different high-Tc super-
conductors on the superconducting density ρS (vertical axis).
The linear law σTc ∝ ρS becomes material independent when
the conductivity of the material σ is included in the propor-
8in [28, 29]. An empirical law, Homes’ Law [29, 30], was
found which relates the critical temperature of a whole
class of materials as directly proportional to the density
of the superconducting phase ρS times a proportionality
factor which includes the electrical resistivity R = 1/σ of
the medium, Tc ∝
1
σ ρS , see the reprinted figure, Figure
7, taken from [29].
Remember that in two dimensions BEC was impossible
at any finite temperature, but we found the transition to
an entangled and thereby correlated phase at the transi-
tion temperature Tcrit ∝ ρ
2/d where d is the dimension of
the system. For d = 2, this transition temperature Tcrit
shows exactly the same form as Homes’ law. Of course
this may be coincidence, but more likely, a relation be-
tween high-Tc superconductivity and the occurrence of
entanglement exists as is the case for BEC in 3D and
the BCS superconductivity. The name of the game is
thus: Is a new theory explaining high-Tc superconduc-
tivity based on entanglement? And how? Leaving this
as the last contribution to this paper, let us summarise
the discussion.
VI. SUMMARY
We saw that entanglement can be regarded as a macro-
scopic quantity in a variety of systems, such as Heisen-
berg chains and Bosonic gases. It can be tested by mea-
suring thermodynamical quantities such as the energy or
the magnetic susceptibility and it is possible to deduce
(at least lower bounds on) the transition temperature for
the transition from separability to entanglement. Fur-
ther research clearly must address the question whether
such macroscopic entanglement can exist at high tem-
peratures and how we can extract and use such natural
entangled systems, for instance as quantum computers.
In the second part of the paper we gave a short
overview of the concepts of order occurring in the context
of phase transitions. We have indicated that macroscopic
entanglement may be a new concept of order, which could
possibly unite all previous ideas such as long-range-, off-
diagonal-long-range- and quasi-order. This would be a
great simplification of the general theory of phase tran-
sitions and may lead to exciting predictions in particular
for low-dimensional systems. Finally, macroscopic entan-
glement may be an essential ingredient for a new theory
of high-Tc superconductivity which remains a big chal-
lenge for us to solve.
Acknowledgments
The work summarised in this article is the result of
our discussions and collaborations with many researchers
who we wish to acknowledge here: M. Arnesen, S. Bose,
Cˇ. Brukner, A. Zeilinger, D. Kaszlikowski, Ch. Lunkes,
T. Ohshima, L. Heaney, D. Markham, M. Murao and
many others. J.A. is supported by the Gottlieb Daimler
und Karl Benz-Stiftung. V.V. would like to thank the
Engineering and Physical Sciences Research Council in
UK and the European Union for financial support. This
work was supported in part by the Singapore A*STAR
Temasek Grant. No. 012-104-0040.
[1] Heaney, L., Anders, J. and Vedral, V., quant-ph/0607069
(2006).
[2] Kaszlikowski, D. and Vedral, V., quant-ph/0606238
(2006); Terra Cunha, M. O. and Vedral, V.,
quant-ph/0607224 (2006) .
[3] Nielsen, M. A., PhD-thesis, University of New Mexico
(1998), quant-ph/0011036;
[4] Ghosh, S., Rosenbaum, T. F., Aeppli, G. and Copper-
smith, S. N., Nature 425 (2003), 48; Vedral, V., Nature
425 (2003), 28; Vedral, V., New J. Phys. 6 (2004), 102;
Wies´niak, M. , Vedral, V. and Brukner, Cˇ., New J. Phys.
7 (2005), 258; Gu¨hne, O., To´th, G. and Briegel, H. J.,
New. J. Phys. 7 (2005), 229; Vedral, V., Nature 439
(2006), 397; and in particular [1, 5, 6, 7, 9, 11].
[5] Arnesen, M. C., Bose, S. and Vedral, V., Phys. Rev. Lett.
87 (2001), 017901.
[6] Brukner, Cˇ., and Vedral, V., quant-ph/0406040 (2004).
[7] Brukner, Cˇ., Vedral, V., and Zeilinger, A., Phys. Rev. A
73 (2006), 012110.
[8] Berger, L., Friedberg, S. A. and Schriempf, J. T., Phys.
Rev. 132 (1963), 1057.
[9] Anders, J., Kaszlikowski, D., Lunkes, Ch., Oshima, T.
and Vedral, V., New J. Phys. 8 (2006), 140.
[10] Horodecki, M., Horodecki, P. and Horodecki, R., Physics
Letters A 223 (1996), 1; Terhal, B. M., J. Th. Comp. Sc.
287(1) (2002), 313.
[11] Markham, D., Anders, J., Vedral, V. and Murao, M.,
quant-ph/0606103 (2006).
[12] Vidal, G., Latorre, J. I., Rico, E. and Kitaev, A., Phys.
Rev. Lett. 90 (2003), 227902; Latorre, J. I., Rico, E. and
Vidal, G., Quant. Inform. Comput. 4 (2004), 48; Wu, L-
A., Bandyopadhyay, S. , Sarandy, M. S. and Lidar, D. A.,
Phys. Rev. A 72 (2005), 032309; Osterloh, A., Amico,
L., Falci, G. and Fazio, R., Nature 416 (2005), 608.
[13] Katsura, S., Phys. Rev. 127 (1962), 1508.
[14] Terra Cunha, M. O., Dunningham, J. A. and Vedral, V.,
quant-ph/0606149 (2006).
[15] The exact critical temperature for BEC is TBEC =
2pi~2 ρ2/d
kBm
(
1
ζ(d/2)
)2/d
, see for instance, Pathria, R. K.,
Statistical Mechanics, Oxford: Butterworth-Heinemann,
1996.
[16] Penrose, O., Phil. Mag. 42 (1951), 1373; Penrose, O. and
Onsager, L., Phys. Rev. 104 (1956), 576.
[17] Berezinskii, V. L., Zh. Eksp. Teor. Fiz. 59 (1970), 907,
[Sov. Phys. JEPT 32 (1971), 493]; Kosterlitz, J. M. and
Thouless, D. J. J. Phys. 6 (1973), 1181.
[18] Yang, C. N., Rev. Mod. Phys. 34 (1962), 694.
9[19] Bardeen, J., Cooper, L. N. and Schrieffer, J. R., Phys.
Rev. 108 (1957), 1175.
[20] Mermin, N. D. and Wagner, H., Phys. Rev. Lett. 17
(1966), 1133.
[21] Hohenberg, P. C., Phys. Rev. 158 (1967), 383.
[22] Zanardi, P. and Paunkovic´, N., quant-ph/0512249
(2006).
[23] Wen, X-G., Phys. Rev. Lett. 90 (2003), 016803.
[24] Vedral, V., New J. Phys. 6 (2004), 102.
[25] Branda˜o, F. G. S. L., New J. Phys. 7 (2005), 24.
[26] Cavalcanti, D., Branda˜o, F. G. S. L. and Terra Cunha,
M. O., quant-ph/0510132 (2005).
[27] Bednorz, J. G. and Mu¨ller, K. A., Z. Phys. B. 64 (1986),
189.
[28] Uemura, Y. J., et al., Phys. Rev. Lett. 62 (1989), 2317.
[29] Homes, C. C., et al., Nature 430 (2004), 539.
[30] Zaanen, J., Nature 430 (2004), 512.
